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Abstract. Dynamics of gyrostat satellite moving along a circular or-
bit in the central Newtonian gravitational field is studied. A symbolic-
numerical method for determination of all equilibrium orientations of
gyrostat satellite in the orbital coordinate system with given gyrostatic
torque and given principal central moments of inertia is proposed. A com-
puter algebra method based on the algorithm for the construction of a
Groebner basis and the resultant concept for solving the problem is used.
All bifurcation values of parameters at which there is a change of num-
bers of equilibrium orientations are determined. Evolution of domains
in the space of parameters of the system which correspond to various
numbers of equilibria are carried out numerically in detail. The stability
analysis of equilibria is performed on the basis of Lyapunov’s theorem. It
is shown that the number of equilibria of the gyrostat satellite in general
case is no less than 8 and no more than 24, and the number of stable
equilibria changes from 4 to 2.

1 Introduction

The important aspect of the development of space technology is the design of
systems of orientation of the satellites. The orientation of the satellite can be
carried out with the use of active or passive methods. In the design of passive
control system of satellite orientation, it is possible to use the properties of the
gravitational and magnetic fields, the effect of atmospheric drag forces and solar
radiation pressure, gyroscopic properties of rotating bodies et cetera. An impor-
tant property of passive systems orientation is that these systems can operate
for a long time without spending energy. Among the passive methods of orien-
tation, the most widespread are the gravity orientation systems of the satellite.
These systems are based on the fact that a satellite with different moments of
inertia in the central Newtonian force field in a circular orbit has 24 equilib-
rium orientations, and four of them are stable [1]. Adding inside the body of
the satellite statically and dynamically balanced rotors rotating with a constant
angular velocity relative to the body of the satellite leads to new equilibrium
orientations of satellite, interesting for practical applications. Therefore, it is
necessary to study the joint action of gravitational and gyrostatic moments and,
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in particular, to analyze all possible satellite’s equilibria in a circular orbit. Such
solutions can be used in practical space technology in the design of passive con-
trol systems of the satellites. In this work, a symbolic–numerical investigation of
satellite’s dynamics under the influence of gravitational and gyrostatic moments
is presented. The symbolic-numerical method for determination of equilibrium
orientation of a gyrostat satellite had been successfully used for the analysis of
equilibrium orientations of a satellite in a circular orbit under the influence of
gravitational and aerodynamic forces [2].

Many publications are dedicated to the problem of determination of the equi-
librium orientations of the gyrostat satellite. The basic problems of satellite’s
dynamics with a gyrostatic attitude control system have been presented in [1].
In [3], [4], [5], [6], and [7], all equilibrium orientations were found in some special
cases when the vector of gyrostatic moment is located along a satellite’s principal
central axis of inertia and in the satellite’s principal central plane of inertia. The
general case of the problem of gyrostat for general values of gyrostatic moment
was first studied in [8]. In the present work, the problem of determination of
the classes of equilibrium orientations for the general case is considered. The
equilibrium orientations are determined by real roots of the system of nonlinear
algebraic equations. The investigation of equilibria was possible due to applica-
tion of Computer Algebra Groebner basis and resultant methods. Evolution of
domains with a fixed number of equilibria is investigated numerically in depen-
dence of four dimensionless system parameters. Sufficient conditions for stability
of all equilibrium orientations are obtained using the generalized integral of en-
ergy. The stability of the equilibrium orientations is analyzed numerically.

2 Equations of Motion

Consider the attitude motion of the gyrostat satellite (further we call it as the
gyrostat), which is a rigid body with statically and dynamically balanced rotors
inside the satellite body. The rotors angular velocities relative to the satellite
body are constant. To write the equations of motion we introduce two right
Cartesian coordinate systems with origin in the satellite’s center of mass O.
OXY Z is the orbital coordinate system whose OZ axis is directed along the
radius vector connecting the centers of mass of the Earth and of the gyrostat
satellite; the OX axis is directed along the vector of linear velocity of the center
of mass O. Oxyz is the gyrostat-fixed coordinate system; Ox, Oy, and Oz are
the principal central axes of inertia of the gyrostat satellite. The orientation of
the gyrostat-fixed coordinate system Oxyz with respect to the orbital coordinate
system is determined by means of the Euler angles ψ (precession), ϑ (nutation),
and ϕ (spin). The direction cosines in transformation matrix between the coor-
dinate systems OXY Z and Oxyz are represented by the following expressions
[8]:
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a11 = cos(x,X) = cosψ cosϕ− sinψ cosϑ sinϕ,

a12 = cos(y,X) = − cosψ sinϕ− sinψ cosϑ cosϕ,

a13 = cos(z,X) = sinψ sinϑ,

a21 = cos(x, Y ) = sinψ cosϕ+ cosψ cosϑ sinϕ,

a22 = cos(y, Y ) = − sinψ sinϕ+ cosψ cosϑ cosϕ, (1)

a23 = cos(z, Y ) = − cosψ sinϑ,

a31 = cos(x, Z) = sinϑ sinϕ,

a32 = cos(y, Z) = sinϑ cosϕ,

a33 = cos(z, Z) = cosϑ.

Then equations of the satellite’s attitude motion can be written in the Euler
form [1], [8]:

Aṗ+ (C −B)qr − 3ω2
0(C −B)a32a33 − H̄2r + H̄3q = 0,

Bq̇ + (A− C)rp− 3ω2
0(A− C)a31a33 − H̄3p+ H̄1r = 0, (2)

Cṙ + (B −A)pq − 3ω2
0(B −A)a31a32 − H̄1q − H̄2p = 0,

p = ψ̇a31 + ϑ̇ cosϕ+ ω0a21 = p̄+ ω0a21,

q = ψ̇a32 − ϑ̇ sinϕ+ ω0a22 = q̄ + ω0a22, (3)

r = ψ̇a33 + ϕ̇+ ω0a23 = r̄ + ω0a23.

In equations (2), (3) H̄1 =
∑n

i=1Jiαiϕ̇i, H̄2 =
∑n

i=1Jiβiϕ̇i, H̄3 =
∑n

i=1Jiγiϕ̇i,
Ji is the axial moment of inertia of the ith rotor; αi, βi, and γi are the constant
direction cosines of the symmetry axis of the ith rotor in the coordinate system
Oxyz; ϕ̇i is the constant angular velocity of the ith rotor relative to the gyrostat;
n is the number of rotors; A, B, and C are the principal central moments of
inertia of the gyrostat; p, q, and r are the projections of the inertial angular
velocity of the gyrostat satellite onto the Ox, Oy, and Oz axes; ω0 is the angular
velocity of the orbital motion of the gyrostat satellite center of mass. The dot
designates differentiation with respect to time t.

Further it will be more convenient to use parameters H1 = H̄1/ω0, H2 =
H̄2/ω0, H3 = H̄3/ω0.

For the systems of equations (2) and (3), the generalized energy integral
exists in the form

1

2
(Ap̄2 +Bq̄2 + Cr̄2) +

3

2
ω2
0 [(A− C)a231 + (B − C)a232] +

+
1

2
ω2
0 [(B −A)a221 + (B − C)a223]− ω2

0(H1a21 +H2a22 +H3a23) = const. (4)
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3 Equilibrium Orientations

Setting in (2) and (3) ψ = ψ0 = const, ϑ = ϑ0 = const, ϕ = ϕ0 = const we
obtain at A 6= B 6= C the equations

(C −B)(a22a23 − 3a32a33) = H2a23 −H3a22,

(A− C)(a21a23 − 3a31a33) = H3a21 −H1a23, (5)

(B −A)(a21a22 − 3a31a32) = H1a22 −H2a21

allowing us to determine the gyrostat satellite equilibria in the orbital coordinate
system.

Substituting the expressions for the direction cosines from (1) in terms of
Euler angles into Eqs. (5), we obtain three equations with three unknowns ψ,
ϑ, and ϕ. The second procedure for closing Eqs. (5) is to add the following six
orthogonality conditions for the direction cosines

ai1aj1 + ai2aj2 + ai3aj3 = δij (6)

where δij is the Kronecker delta and (i, j = 1, 2, 3). Equations (5) and (6) form
a closed system with respect to the direction cosines, which also specifies the
equilibrium solutions of the satellite.

We state the following problem for the system of equations (5), (6): determine
all nine direction cosines, i.e., to find all the equilibrium orientations of the
satellite when system parameters A,B,C, h̄1, h̄2, and h̄3 are given. The problem
has been solved only for some specific cases when the vector of gyrostatic moment
is located along the satellite’s principal central axis of inertia Oy, when H1 = 0,
H2 6= 0, H3 = 0 ([3], [4], [7]), and when the vector of gyrostatic moment locates
in the satellite’s principal central plane of inertia Oxz of the frame Oxyz and
H1 6= 0, H2 = 0, H3 6= 0 ([5], [6]).

In the case H1 = H2 = H3 = 0, it has been proved that the system (5), (6)
has 24 solutions describing the equilibrium orientations of a satellite-rigid body
[1].

Here we consider the general case of determination of the equilibria of the
satellite when H1 6= 0, H2 6= 0, H3 6= 0. This problem was first studied in [8].
A Computer Algebra approach to determination of equilibrium orientations of
the satellite was used. Projecting Eqs. (5) onto the axis of the orbiting frame
OXY Z, we get the algebraic system, using the method given in [8]:

Aa11a31 +Ba12a32 + Ca13a33 = 0,

Aa11a21 +Ba12a22 + Ca13a23 + (H1a11 +H2a12 +H3a13) = 0, (7)

4(Aa21a31 +Ba22a32 + Ca23a33) + (H1a31 +H2a32 +H3a33) = 0.

The main task of symbolic calculation is to reduce the algebraic system (6),
(7) to a single algebraic equation with one variable. Solution of the system (6),
(7) can be obtained using the algorithm for the construction of Groebner bases
[9]. The method of Groebner bases is used to solve systems of nonlinear alge-
braic equations. It comprises an algorithmic procedure for reducing the problem
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involving polynomials of several variables to investigation of a polynomial of one
variable. Using the computer algebra system Maple [10] Groebner[gbasis] pack-
age with tdeg option, we calculate the Groebner basis of the system (6), (7) of
nine polynomials in nine variables aij (i, j = 1, 2, 3) under the ordering on the
total power of the variables. In the list of variables in the Maple Groebner pack-
age, we use nine direction cosines, and in the list of polynomials, we include the
polynomials from the left-hand sides fi (i = 1, 2, ...9) of the algebraic equations
(6), (7):

map(factor,Groebner[gbasis]([f1,f2,f3, ... f9 ],tdeg(a11, a12, a13, ... a33))).
Here we write the polynomials in the Groebner basis that depend only on vari-
ables a31, a32, a33:

16[(B − C)
2
a232a

2
33 + (C −A)

2
a231a

2
33 + (A−B)

2
a231a

2
32] =

= (H1a31 +H2a32 +H3a33)2(a231 + a232 + a233),

4(B − C)(C −A)(A−B)a31a32a33 + [H1(B − C)a32a33 + (8)

+H2(C −A)a31a33 +H3(A−B)a31a32](H1a31 +H2a32 +H3a33) = 0,

a231 + a232 + a233 = 1.

Introducing the new variables x = a31/a33, y = a32/a33, hi = Hi/(B − C),
ν = (B −A)/(B − C), we deduce two equations for determination of x and y

a0y
2 + a1y + a2 = 0,

b0y
4 + b1y

3 + b2y
2 + b3y + b4 = 0, (9)

where

a0 = h2(h1 − νxh3),

a1 = h1h3 + [4ν((1− ν) + h21 − (1− ν)h22 − νh23]x− νh1h3x2,
a2 = −(1− ν)h2(h1x+ h3)x,

b0 = h22,

b1 = 2h2(h1x+ h3),

b2 = (h21 + h22 − 16) + 2h1h3x+ (h21 + h22 − 16v2)x2,

b3 = 2h2(h1x+ h3)(1 + x2),

b4 = (h1x+ h2)2(1 + x2)− 16(1− ν)2x2.

Using the resultant concept we eliminate the variable y from the equations (9).
Expanding the determinant of resultant matrix of Eqs.(9) with the help of Maple
symbolic matrix function, we obtain a twelfth order algebraic equation in x

p0x
12 + p1x

11 + p2x
10 + p3x

9 + p4x
8 + p5x

7 +

+ p6x
6 + p7x

5 + p8x
4 + p9x

3 + p10x
2 + p11x+ p12 = 0, (10)

the coefficients of which depend in a rather complicated way on the parameters
ν, h1, h2, h3:

p0 = −h41h43ν6, p1 = 2h31h
3
3ν

5[2h21 − h22(ν − 1)− 2ν(h23 + 2ν − 2)], . . . (11)

p11 = −2h31h
3
3[(2h21 − h22(ν − 1)− 2ν(h23 + 2ν − 2)], p12 = −h41h43.
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By the definition of resultant, to every root x of Eq.(10) there corresponds a
common root y of the system (9). It can easily be shown that to every real root
x of Eq.(10), there correspond 2 solutions for (5), (6). Since the number of real
roots of Eq.(10) does not exceed 12, the gyrostat satellite in a circular orbit
can have at most 24 equilibria in the orbital coordinate system. Using Eq.(10),
(11), we can determine numerically all the relative equilibrium orientations of
the gyrostat satellite and analyze their stability. We have analyzed numerically
dependence of the number of real solutions of Eq.(10) on the parameters, using
Mathematica 8.0 factorization package. It is possible to provide the numerical
calculations, without breaking a generality for the case when B > A > C. From
these inequalities it follows that 0 < ν < 1. The parameters h1, h2, and h3 can
take on any nonzero values. The coefficients of Eq.(10) depend on 4 dimensionless
parameters ν, h1, h2, h3. The system of stationary equations (5) depends on 6
dimensional parameters. For the numerical calculations, reduction of the number
of system parameters is very essential. Let us consider the properties of the
algebraic equation (10) in detail. It is possible to show that the number of real
roots of Eq. (10) does not depend on the sign of the parameters h1, h2, and h3.
It is evident that coefficients of Eq.(10) with odd x degree depend only on odd
degree of the parameters h1, h2, h3. For the coefficients with even x degree, we
can represent them, using factorization to the form of two factors - one factor
equals h1h3 and the second factor depends only on odd degree of the parameters
h1, h2, and h3. Thus, changing sign of h1, h2, and h3 we will change only the
sign of the factor h1h3 and, therefore, the sign of real root of polynomial (10).
Therefore, the number of real roots does not change.

Hence, the numerical analysis of the number of real roots of Eq.(10) is possible
to do with positive values of h1, h2, h3 and 0 < ν < 1 condition. Thus, the
numerical investigation of real roots of Eq.(10) will be simplified. The numerical
calculations were made for fixed values of ν and h3, the number of real roots
was determined at the nodes of a uniform grid in the plane (h1, h2). The direct
calculations for h2 with step equal to 0.0001 are very complicated. In this case,
we have for the size 4x4 (h1, h2) region about 109 nodes. The calculation task
was divided in two parts. In the first place, the number of real roots in the 107

nodes (0.001 step value for h2) was calculated. Secondly, the number of real roots
was calculated in the vicinity of the border between two regions with the fixed
number of real roots (0.0001 step value for h2).

Then for the fixed value of h2, it was defined a more precise border value of
h1 between two regions with the fixed number of real roots with the determined
accuracy, using the bisection method realized in Mathematica language as a
package. Equation (10) was derived under the conditions h1 6= 0, h2 6= 0, h3 6= 0,
so we use h1, h2, h3 in the vicinity of zero with the higher accuracy equal to
0.000001.

Calculations were made for the inertia parameters ν = 0.01, ν = 0.1, ν = 0.2,
ν = 0.3, ν = 0.4, ν = 0.5, ν = 0.6, ν = 0.7, ν = 0.8, ν = 0.9, ν = 0.99.

The example of numerical calculations of the borders between the regions
with the fixed number of real roots at the plane (h1, h2) for ν = 0.2 and h3 = 0.25
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is presented in Fig. 1. At the center of this picture, there is a region with 24
equilibria (12 real roots).

Fig. 1. The regions with the fixed number of equilibria for ν = 0.2, h3 = 0.25

From the analysis of all calculations for the above-mentioned inertia param-
eters ν, it follows that with an increase of the h3 values, several regions with the
fixed number of equilibria become narrowed until they completely disappear.
The point in the space of parameters, where a region with the fixed number
of equilibria vanishes, was defined as bifurcation point. Calculated bifurcation
values of the parameters are presented in Table 1.

All bifurcation points from Table 1 were calculated numerically, and it is
possible to see that the h3 bifurcation values for regions with 24 equilibria (12
real roots) vanish in accordance with the equation h3 = 1− ν.

For the regions with 20 equilibria (10 real roots), the h3 bifurcation values
increase with the increase of ν up to ν = 0.6, and decrease after that with the
further increase of ν.

For the regions with 16 equilibria (8 real roots) the bifurcation values always
decrease with the decreasing of ν.

The regions with 12 equilibria become smaller with the increase of h3 values.
These regions are vanishing at the center of coordinate system for h3 = 4. For
h3 ≥ 4, there are small regions of 12 equilibria near h2 axis with the size along
h1 and h2 axes less than 10−1. And with increasing h3 value, these small regions
take the farther position from the center of coordinate system along the h2 axis.
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Table 1. Bifurcational ν, h3 values

ν h3(24/20) h3(20/16) h3(16/12) h3(12/8)

0.01 0.99 0.999 3.959 4.0
0.1 0.90 1.021 3.610 4.0
0.2 0.80 1.048 3.264 4.0
0.3 0.70 1.082 2.950 4.0
0.4 0.60 1.124 2.669 4.0
0.5 0.50 1.182 2.412 4.0
0.6 0.40 1.186 2.167 4.0
0.7 0.30 1.105 1.915 4.0
0.8 0.20 0.909 1.629 4.0
0.9 0.10 0.676 1.245 4.0
0.99 0.01 0.168 0.997 4.0

For the interval 0.01 ≤ ν ≤ 0.99, the evolution of regions with 24, 20, 16,
12, and 8 equilibria was investigated numerically. For example, if ν = 0.2 then
analysis of the numerical results shows that five regions with 24, 20, 16, 12, and
8 equilibria exist in the plane (h1, h2) for the interval h3 < 0.8. When we pass
through the bifurcation value h3 = 0.8 the region with 24 equilibria vanishes,
and in the interval 0.8 < h3 < 1.048, only four regions with 20, 16, 12, and
8 equilibria exist. When we pass through the bifurcation value h3 = 1.048 the
region with 20 equilibria vanishes.

In the interval 1.048 < h3 < 3.264, only three regions with 16, 12, and 8
equilibria exist. The value h3 = 3.264 is bifurcational. When we pass through
this bifurcation value the region with 16 equilibria vanishes. In the interval
3.264 < h3 < 4, only two regions with 12 and 8 equilibria exist near the center
of coordinate system.

When the values of parameter h3 of the gyrostatic torque are more than 4,
the satellite has 8 equilibrium orientations, which correspond to four real roots
of Eq.(10). There are only small regions of 12 equilibria outside the center of the
plane (h1, h2) near the h2 axis.

4 Stability Analysis of Equilibria

To investigate the stability of equilibrium solutions ψ = ψ0 = const, ϑ = ϑ0 =
const, ϕ = ϕ0 = const satisfying Eqs. (5), we can use the Jacobi integral of

energy (4) as the Lyapunov function in order to obtain sufficient conditions of
stability of the equilibrium orientations of the gyrostat satellite. After replace-
ment ψ → ψ + ψ0, ϑ → ϑ + ϑ0, ϕ → ϕ + ϕ0 where ψ, ϑ, ϕ are small deviations
from the satellite’s equilibria ψ0, ϑ0, ϕ0, the energy integral takes the form

1

2
(Ap̄2 + Bq̄2 + Cr̄2) +

1

2
(B − C)(A11ψ

2 +A22ϑ
2 +A33ϕ

2 +

+ 2A12ψϑ+ 2A13ψϕ+ 2A23ϑϕ) +O3(ψ, ϑ, ϕ) = const, (12)
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where coefficients Aij depend on the parameters ν, h1, h2, h3, ψ0, ϑ0, ϕ0 in the
form

A11 = ν(a211 − a221) + (a213 − a223) + h1a21 + h2a22 + h3a23,

A22 = (3 + cos2 ψ0)(1− ν sin2 ϕ0) cos 2ϑ0 −
1

4
ν sin 2ψ0 cosϑ0 sin 2ϕ0 +

+ (h1 sinϕ0 + h2 cosϕ0) cosψ0 cosϑ0 + h3a23,

A33 = ν[(a222 − a221)− 3(a232 − a231)] + h1a21 + h2a22, (13)

A12 = −1

2
sin 2ψ0 sin 2ϑ0 + ν(a11a23 + a13a21)−

− (h1a31 + h2a32 + h3a33) sinψ0,

A13 = ν(a11a22 + a12a21)− h1a12 + h2a11,

A23 = −3

2
ν sin 2ϑ0 sin 2ϕ0 + ν(a21 cosϕ0 + a22 sinϕ0)a23 −

− (h1 cosϕ0 − h2 sinϕ0)a23.

It follows from Lyapunov theorem that the equilibrium solution is stable if
the quadratic form (12),(13) is positive definite, i.e., the following inequalities
take place:

A11 > 0,

A11 A22 −A2
12 > 0, (14)

A11 A22A33 + 2A12A23A13 −A11A
2
23 −A22A

2
13 −A33A

2
12 > 0.

Substituting the expressions for Aij from (13) for the corresponding equilib-
rium solution into (14), we obtain the conditions for stability of this solution.
Using integral (12), we have analyzed numerically stability conditions (14) for
the equilibrium solutions.

From the analysis of all calculations for the above-indicated parameters it
follows that for |h3| < (1 − ν), there are 24 equilibrium solutions, and for 4
equilibrium solutions, stability conditions (14) are valid. There are also 4 sta-
ble equilibria for ν > 0.5 and |h3| ≥ (1 − ν). When the values of parameters
|hi| > 4 (i = 1, 2, 3) there are 8 equilibrium solutions, and only two of them are
stable.

5 Conclusion

In this work, the attitude motion of the gyrostat satellite under the action of
gravitational torque in a circular orbit has been investigated. The main attention
was given to determination of the satellite equilibrium orientation in the orbital
coordinate system and to analysis of their stability. The symbolic-numerical
method of determination of all satellite equilibria is suggested in general case
when h1 6= 0, h2 6= 0, and h3 6= 0. The symbolic computation system Maple
is applied to reduce the satellite stationary motion system of nine algebraic
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equations with nine variables to a single algebraic equation of the twelfth degree
with one variable, using the Groebner package for the construction of a Groebner
basis and the resultant approach. It was shown that the equilibrium orientations
are determined by real roots of algebraic equation of the twelfth degree. Using
this result of symbolic calculations we conclude that the gyrostat satellite can
have no more than 24 equilibrium orientations in a circular orbit.

The evolution of domains with fixed number of equilibrium orientations was
investigated numerically in the plane of two parameters h1 and h2 for different
values of parameters ν and h3. The bifurcation values of h3 corresponding to
the qualitative change of domains with fixed number of equilibria were deter-
mined. On the basis of numerical calculation we can conclude that the number
of satellite’s isolated equilibria is no less than 8. Using the Lyapunov theorem,
the sufficient conditions of stability of the equilibrium orientations are investi-
gated numerically at different values of gyrostatic parameters. Analysis of the
numerical simulation shows that the number of stable equilibria is no less than
2 and no more than 4. All calculations considered here were implemented with
the computer algebra systems Maple and Mathematica.

The results of the study can be used at the stage of preliminary design of the
satellite with gravitational control system.
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