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Abstract. The dynamics of the rotational motion of a satellite moving
in the central Newtonian force field in a circular orbit under the influence
of gravitational and active damping torques is investigated with the help
of computer algebra methods. The properties of a nonlinear algebraic
system that determines equilibrium orientations of a satellite under the
action of gravitational and active damping torques were studied. An algo-
rithm for the construction of a Gröbner basis is proposed for determining
the equilibrium orientations of a satellite with given central moments of
inertia and given damping torques. The conditions of the equilibria’s
existence were obtained by the analysis of real roots of algebraic equa-
tions from the constructed Gröbner basis. The domains with an equal
number of equilibria were specified by using algebraic methods for the
construction of discriminant hypersurfaces. The conditions of asymptotic
stability of the satellite’s equilibria were determined as a result of the
analysis of linearized equations of motion using Routh–Hurwitz criterion.

1 Introduction

In this paper, a symbolic investigation of a satellite dynamics under the influence
of gravitational and active damping torques is presented. The gravity orienta-
tion systems are based on the fact that a satellite with different moments of
inertia in the central Newtonian force field in a circular orbit has 24 equilibrium
orientations and four of them are stable [1]. An important property of gravity
orientation systems is that these systems can operate for a long time without
spending energy. The problem to be analyzed in the present work is related to
the behavior of the satellite acted upon by the gravity gradient and active damp-
ing torques. We assume that active damping torques depend on the projections
of the angular velocity of the satellite. Such active damping torques can be pro-
vided by using the angular velocity sensor. The action of damping torques both
leads to new equilibrium orientations and can provide the asymptotic stability
of the well known equilibria of the gravity oriented satellites. Therefore, it is
necessary to study the joint action of gravitational and active damping torques
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and, in particular, to analyze the necessary and sufficient conditions for asymp-
totic stability of the satellite’s equilibria in a circular orbit. Such solutions can
be used in practical space technology in the design of control orientation systems
of the satellites.

In the present work, the problem of determination of the classes of equilibrium
orientations and the conditions for asymptotic stability of defined equilibria for
the general values of damping torques is considered. The equilibrium orientations
are determined by real roots of the system of algebraic equations. The investi-
gation of equilibria was performed by using the computer algebra Gröbner basis
methods. The evolution of domains with a fixed number of equilibria is inves-
tigated by the analysis of the singular points of the discriminant hypersurface
depending on three dimensionless damping parameters.

The conditions of equilibria stability are determined as a result of an analysis
of the linearized equations of motion using the Routh–Hurwitz criterion. The
detailed investigation of the regions of the necessary and sufficient conditions
of stability is carried out by a numerical-analytical method in the plane of two
dimensionless inertia parameters at different values of damping coefficients. The
types of transition decay processes of spatial oscillations of a satellite at different
damping parameters have been investigated numerically.

The computer algebra methods for determination of the equilibrium orien-
tation of a satellite had been successfully used earlier to analyze the equilib-
rium orientations of a satellite under the influence of gravitational and constant
torques [3]. The study of the equilibria of polynomial dynamical systems by
means of symbolic computation is a very popular application of computer alge-
bra. The detailed analysis of typical problems on parametric dynamical systems
and computer algebra algorithms for solving this problem was presented at the
CASC 2011 Workshop [4]. The symbolic methods for analyzing the stability of
the equilibria of polynomial dynamical systems were presented at the CASC
2002 [5] and CASC 2007 Workshops [6].

2 Equations of Motion

Consider the attitude motion of a satellite subjected to gravitational and active
damping torques in a circular orbit. We assume that the satellite is a triaxial
rigid body, and active damping torques depend on the projections of the angular
velocity of the satellite. To write the equations of motion we introduce two right-
handed Cartesian coordinate systems with origin at the satellite’s center of mass
O. The orbital coordinate system is OXY Z, where the OZ axis is directed along
the radius-vector connecting the centers of mass of the Earth and the satellite,
the OX axis is in the direction of a satellite orbital motion. Then, the OY axis
is directed along the normal to the orbital plane. The satellite body coordinate
system is Oxyz, where Ox,Oy, and Oz are the principal central axes of inertia
of the satellite. The orientation of the satellite body coordinate system Oxyz
with respect to the orbital coordinate system is determined by means of the
aircraft angles of pitch (α), yaw (β), and roll (γ), and the direction cosines in
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the transformation matrix between the orbital coordinate system OXY Z and
Oxyz are represented by the following expressions [2]:

a11 = cos(x,X) = cos α cos β,

a12 = cos(y,X) = sinα sin γ − cos α sin β cos γ,

a13 = cos(z,X) = sinα cos γ + cos α sin β sin γ,

a21 = cos(x, Y ) = sinβ,

a22 = cos(y, Y ) = cos β cos γ,

a23 = cos(z, Y ) = − cos β sin γ,

a31 = cos(x,Z) = − sin α cos β,

a32 = cos(y, Z) = cos α sin γ + sin α sin β cos γ,

a33 = cos(z, Z) = cos α cos β − sin α sin β sin γ. (1)

For small oscillations of the satellite, the angles of pitch, yaw, and roll correspond
to the rotations around the OY,OZ, and OX axes, respectively.

Let the satellite be acted upon by the moments of active damping, their
integral vector projections on the axes Ox,Oy, and Oz are equal to the following
values: Mx = k̄1p1,My = k̄2(q1−ω0), and Mz = k̄3r1. Here k̄1, k̄2, and k̄3 are the
damping coefficients, p1, q1, and r1 are the projections of the satellite’s angular
velocity onto the axes Ox,Oy, and Oz;ω0 is the angular velocity of the orbital
motion of the satellite’s center of mass. The equations of satellite attitude motion
can then be written in the Euler form:

Ap′
1 + (C − B)q1r1 − 3ω2

0(C − B)a32a33 + k̄1p1 = 0,

Bq′
1 + (A − C)r1p1 − 3ω2

0(A − C)a31a33 + k̄2(q1 − ω0) = 0,
Cr′

1 + (B − A)p1q1 − 3ω2
0(B − A)a31a32 + k̄3r1 = 0, (2)

p1 = (α′ + ω0)a21 + γ′,
q1 = (α′ + ω0)a22 + β′ sin γ,

r1 = (α′ + ω0)a23 + β′ cos γ. (3)

Here A,B, and C are the principal central moments of inertia of the satellite.
The prime denotes the differentiation with respect to time t.

After the introduction of dimensionless parameters θA = A/B, θC = C/B,
p = p1/ω0, q = q1/ω0, r = r1/ω0, k̃1 = k̄1/Bω0, k̃2 = k̄2/Bω0, k̃3 = k̄3/Bω0, and
τ = ω0t one can rewrite system (2)–(3) in the form

θAṗ + (θC − 1)qr − 3(θC − 1)a32a33 + k̃1p = 0,

q̇ + (θA − θC)rp − 3(θA − θC)a31a33 + k̃2(q − 1) = 0,
θC ṙ + (1 − θA)pq − 3(1 − θA)a31a32 + k̃3r = 0, (4)

p = (α̇ + 1)a21 + γ̇,

q = (α̇ + 1)a22 + β̇ sin γ,

r = (α̇ + 1)a23 + β̇ cos γ. (5)

The dot denotes the differentiation with respect to τ .
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3 Equilibrium Orientations of Satellite

Setting in (2) and (3) α = α0 = const, β = β0 = const, γ = γ0 = const, we
obtain at A �= B �= C the equations

a22a23 − 3a32a33 + k1a21 = 0,

a21a23 − 3a31a33 + k2(a22 − 1) = 0,
a21a22 − 3a31a32 + k3a23 = 0, (6)

which allow us to determine the satellite equilibria in the orbital coordinate
system. Here k1 = k̃1/(C − B), k2 = k̃2/(A − C), and k3 = k̃3/(B − A). We
will consider the case when damping coefficients k1, k2, and k3 are positive.
Substituting the expressions for the direction cosines from (1) in terms of the
aircraft angles into Eq. (6), we obtain three equations with three unknowns α, β,
and γ. Another way of closing Eq. (6) is to add the following three conditions
for the orthogonality of direction cosines:

a2
21 + a2

22 + a2
23 − 1 = 0,

a2
31 + a2

32 + a2
33 − 1 = 0,

a21a31 + a22a32 + a23a33 = 0. (7)

Equations (6) and (7) form a closed system of equations with respect to the
six direction cosines identifying the satellite equilibrium orientations. For this
system of equations, we formulate the following problem: for given values of
k1, k2, and k3, it is required to determine all the nine directional cosines, i.e.,
all satellite equilibrium orientations in the orbital coordinate system. After
a21, a22, a23, a31, a32, and a33 are found, the direction cosines a11, a12, and a13

can be determined from the conditions of orthogonality.
It should be noted that to solve system (6), (7) it is sufficient to find the

values of two unknowns a21 and a22. Indeed, for each value a21 and a22, one can
find two values of a23 from the first equation of system (7) and then uniquely
determine their corresponding values a31, a32, and a33 from system (6), (7).

To find solutions of the algebraic system (6), (7) we used the algorithm for
constructing the Gröbner bases [7]. The method for constructing a Gröbner basis
is an algorithmic procedure that reduces the problem in the case of polynomials
of several variables to a problem with a polynomial of a single variable.

In our study, for Gröbner bases construction, we applied the command
Groebner[Basis] from the package Groebner implemented in the computer
algebra system Maple 15 [8]. We constructed the Gröbner basis of the system of
six second-order polynomials (6), (7) with six variables aij (i = 2, 3; j = 1, 2, 3),
with respect to the lexicographic ordering of variables by using option plex. In
the list of polynomials F:=[fi(i = 1, 2, . . . 6)], fi are the left–hand sides of the
algebraic equations (6), (7):

G:=map(factor,Groebner[Basis]([F, plex(a31, ... a22))).

Here, calculating the Gröbner basis over the field of rational functions in
k1, k2, and k3, we compute the generic solutions of our problem only. In our task
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from the area of satellite dynamics, the main goal of the study is to estimate a
wide range of system parameters for which the satellite’s equilibria exist, and
the task is to determine the regions in the space of parameters for which these
equilibria are asymptotically stable.

Taking into account the errors of the angular velocity sensors and the errors of
the signals, which generate damping torques, the exact bifurcation values of the
coefficients are very difficult to obtain in practice. We are interested in estimating
the size of regions in the space of damping parameters where equilibria exist.
In the case of parametric dynamical system solving, when the parameters reach
non-generic solutions, the symbolic application based on comprehensive Gröbner
bases [9], discriminant varieties [10] and comprehensive triangular decomposition
[4] methods are used.

Here we write down the polynomial in the Gröbner basis that depends only
on one variable x = a22. This polynomial has the form

P (a22, k1, k2, k3) = (a2
22 −1)[(k1k2 +k2k3 +k1k3 −4)a22 −k2(k1 +k3)] = 0. (8)

To determine the equilibria it is required to consider separately the following
three cases: a22 = 1, a22 = −1 and (k1k2 +k2k3 +k1k3 −4)a22 −k2(k1 +k3) = 0.

In the first case, when a22 = 1 (a21 = a23 = 0), we will get the following
eight equilibrium solutions from system (6) and (7):

a2
31 = 1, a32 = a33 = 0; a2

32 = 1, a31 = a33 = 0; a2
33 = 1, a32 = a33 = 0. (9)

In the second case, when a22 = −1, system (6), (7) takes the form

a32a33 = 0, a31a32 = 0,

a31a33 + 2k2 = 0,

a2
31 + a2

33 = 1. (10)

From (10) we obtain the following solutions:

a32 = 0, a31 = −2k2/3a33;
9a4

33 − 9a2
33 + 4k2

2 = 0,

a2
33 =

3 −
√

9 − 16k2
2

2
. (11)

Solutions (11) exist in the case when the discriminant of the biquadratic equation
9a4

33 −9a2
33 +4k2

2 = 0 is non-negative and a2
33 ≤ 1. These conditions are satisfied

when k2
2 ≤ 1/2.

Now let us consider the third case, where the satellite equilibrium solutions
are determined by the linear equation (k1k2+k2k3+k1k3−4)a22−k2(k1+k3) = 0,
from which we can obtain:

a22 =
k2(k1 + k3)

k1k2 + k2k3 + k1k3 − 4
. (12)

From the condition for the existence of a solution for the direction cosine a22 ≤ 1,
we obtain the inequality k1k3 ≥ 4. From the condition a22 ≥ −1, we obtain the
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inequality 2k1k2+2k2k3+k1k3 ≥ 4. Consequently, solution (12) is possible when
the inequality k1k3 ≥ 4 holds.

Thus, from Eq. (8), we obtain all possible values of the direction cosine a22

satisfying the initial system (6), (7).
To find the a21 values, we have recalculated the Gröbner basis with respect

to the variable a21. The polynomial depending on only one variable a21 in the
Gröbner basis obtained is given by

P (a21) = p0a
8
21 + p1a

6
21 + p2a

4
21 + p3a

2
21 + p4 = 0, (13)

where

p0 = p801, p01 = k1k2 + k2k3 + k1k3 − 4,

p1 = −2p601p11,

p11 = (k1k3 − 4)2 + 2k2(k1 + k3)(k1k3 − 4) + k2
2(k

2
1 − k2

3),
p2 = p401p21,

p21 = (k1k3 − 4)4 + 4k2(k1 + k3)(k1k3 − 4)3

+ k2
2(6k2

1 + 8k1k3 + 17)(k1k3 − 4)2

+ 2k3
2(k1 + k3)(2k2

1 − 4k2
3 + 17)(k1k3 − 4)

+ k4
2(k1 + k3)2((k1 − k3)2 + 25),

p3 = p201p31p32,

p31 = k2
2(k1k3 − 4)(2k1k2 + 2k2k3 + k1k3 − 4),

p32 = (2k2
3 − 17)(k1k3 − 4)2 + 2k2(2k2

3 − 17)(k1 + k3)(k1k3 − 4)
+ k2

2(k1 + k3)(2k2
3(k1 − k3) − 17k1 − 33k3),

p4 = (k2
3 + 4)2p231.

Equation (13) together with (12), (6), and (7) can be used to determine all the
equilibrium orientations of the satellite under the influence of gravitational and
active damping torques.

The number of real roots of the algebraic equation (13) is even and does not
exceed 8. Let us show that each real root a21 of Eq. (13) corresponds to two
equilibrium solutions of the original system (6), (7). Indeed, for each solution
a21 of Eq. (13) and a22 of Eq. (12), one can find two values of a23 from the
first equation of system (7) and then uniquely determine their corresponding
values a31, a32, and a33 from system (6), (7). Once the set of six values a21, a22,
a23, a31, a32, and a33 is found, the remaining three values a11, a12, and a13 can be
uniquely determined from the conditions of the orthogonality of the directional
cosines. Since the number of real roots of Eq. (13) does not exceed eight, the
number of the satellite equilibria in this case does not exceed sixteen.
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4 Conditions for the Existence of Equilibrium
Orientations of the Satellite

Equations (6)–(8) and (12), (13) make it possible to determine all the equilibrium
orientations of the satellite due to gravity and active damping torques for the
given values of dimensionless damping parameters k1, k2, and k3 of the problem.

In studying the satellite equilibrium orientations, we determine the domains
with an equal number of real roots of Eq. (13) in the space of parameters. To
identify these domains, we use the Meiman theorem [11], which yields that the
decomposition of the space of parameters into domains with an equal number of
real roots is determined by the discriminant hypersurface. It is also possible to
calculate the number of real roots of a polynomial by means of ith subdiscrimi-
nants using Jacobi theorem [12,13].

In our case, the discriminant hypersurface is given by the discriminant of
polynomial (13). This hypersurface contains a component of codimension 1,
which is the boundary of domains with an equal number of real roots. The set
of singular points of the discriminant hypersurface in the space of parameters
k1, k2, and k3 is given by the following system of algebraic equations:

P (x) = 0, P ′(x) = 0. (14)

Here x = a2
21, and the prime denotes the differentiation with respect to x.

We eliminate the variable x from system (14) by calculating the determinant
of the resultant matrix of Eq. (14) with the help of symbolic matrix functions in
Maple and obtain an algebraic equation of the discriminant hypersurface as

P1(k1, k2, k3)P2(k1, k2, k3) = 0. (15)

Here P1(k1, k2, k3) and P2(k1, k2, k3) are 14th and 8th degree polynomials,
respectively, in terms of k2. The polynomial P1(k1, k2, k3) has the form

P1(k1, k2, k3) = 625k8
2p

4
01(k1k3 − 4)2(2k1k2 + 2k2k3 + k1k3 − 4)2. (16)

Here p01 = k1k2 + k2k3 + k1k3 − 4. P2(k1, k2, k3) has the form

P2(k1, k2, k3) = p2,0k
8
2 + p2,1k

7
2 + p2,2k

6
2 + p2,3k

5
2 + p2,4k

4
2

+ p2,5k
3
2 + p2,6k

2
2 + p2,7k2 + p2,8 = 0, (17)

where

p2,0 = 4(k1 + k3)4[4(k1k3 − 4)2 − 9((k1 + k3)2][((k1 − k3)2 + 25]2,
p2,1 = 8(k1k3 − 4)(k1 + k3)3[4(4k2

3 − 9)k6
1 − 2k3(16k2

3 + 39)k5
1

+ (32k4
3 + 220k2

3 − 7)k4
1 − 2k3(16k4

3 + 506k2
3 − 1557)k3

1

+ (16k6
3 + 220k4

3 − 14186k2
3 − 15827)k2

1

− 6k3(13k4
3 − 519k2

3 + 9041)k1 − 36k6
3 − 7k4

3 − 15827k2
3 + 28800],

p2,2 = 4(k1k3 − 4)2(k1 + k3)2[28(4k2
3 − 9)k6

1 − 2k3(16k2
3 + 339)k5

1
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+ 2(48k4
3 − 1158k2

3 + 2325)k4
1 − 2k3(16k4

3 + 3106k2
3 − 15007)k3

1

+ (112k6
3 − 2316k4

3 + 54848k2
3 − 58559)k2

1 − 2k3(339k4
3

− 15007k2
3 + 65823)k1 − 252k6

3 + 4650k4
3 − 58559k2

3 + 49536],
p2,3 = 4(k1k3 − 4)3(k1 + k3)[56(4k2

3 − 9)k6
1 + 8k3(32k2

3 − 197)k5
1

+ (320k4
3 − 7176k2

3 + 11101)k4
1 + 4k3(64k4

3 − 3276k2
3 + 10397)k3

1

+ (224k6
3 − 7176k4

3 + 57150k2
3 − 53748)k2

1 − 4k3(394k4
3

− 10397k2
3 + 24858)k1 − 504k6

3 + 11101k4
3 − 53748k2

3 + 20736],
p2,4 = 4(k1k3 − 4)4[280(4k2

3 − 9)k6
1 + 40k3(64k2

3 − 219)k5
1

+ (3136k4
3 − 34408k2

3 + 44617)k4
1

+ 4k3(640k4
3 − 14308k2

3 + 30053)k3
1

+ (1120k6
3 − 34408k4

3 + 147366k2
3 − 108828)k2

1

− 4k3(2190k4
3 − 30053k2

3 + 52398)k1 − 2520k6
3

+ 44617k4
3 − 108828k2

3 + 20736],
p2,5 = 4(k1k3 − 4)5(k1 + k3)[56(4k2

3 − 9)k4
1

+ 4k3(64k2
3 − 219)k3

1 + (224k4
3 − 3240k2

3 + 5481)k2
1

− 6k3(146k2
3 − 441)k1 − 504k4

3 + 5481k2
3 − 8262],

p2,6 = 2(k1k3 − 4)6[56(4k2
3 − 9)k4

1 + 4k3(96k2
3 − 241)k3

1

+ (224k4
3 − 1752k2

3 + 2583)k2
1 − 2k3(482k2

3 − 1197)k1
− 504k4

3 + 2583k2
3 − 2754],

p2,7 = 8(4k2
1 − 9)(4k2

3 − 9)(k1 + k3)(k1k3 − 4)7,
p2,8 = (4k2

1 − 9)(4k2
3 − 9)(k1k3 − 4)8.

Now we should check the change in the number of equilibria when one of
the surfaces (15) is intersected. This can be done numerically by determin-
ing the number of equilibria at a point of each domain P1(k1, k2, k3) = 0 and
P2(k1, k2, k3) = 0 in the space of parameters k1, k2 and k3.

It should be noted that when the boundaries of the surface P1(k1, k2, k3) = 0
are intersected no change in the equilibria occurs due to the condition (12). From
(12) it follows that the factor k1k2+k2k3+k1k3−4 from (16) is not equal to zero.
When k1k3−4 = 0, then a22 = 1 and a21 = 0; when 2k1k2+2k2k3+k1k3−4 = 0,
then a22 = −1 and a21 = 0. Thus, in these cases, we have only zero solutions.

To study the evolution of the domains of the existence of a different number
of equilibrium orientations depending on the magnitude of the damping torque
vector in the space of dimensionless parameters k1, k2, and k3, we perform a
detailed analysis of the surface P2(k1, k2, k3) = 0. The satellite equilibrium ori-
entations exist when Eqs. (12) and (13) have real solutions. Equation (12) has a
solution if the condition k1k3 ≥ 4 is satisfied.

Below we present the results of the numerical and analytical analysis of the
properties and form of the discriminant hypersurface P2(k1, k2, k3) = 0, which
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are two-dimensional cross sections of the surface in the plane (k1, k3) at a fixed
value of parameter k2 (Figs. 1, 2 and 3).

Figures 1, 2 and 3 show the distributions of domains with an equal number
of real roots of Eq. (13) for the cases of significantly changed characteristics. The
distributions are classified for the values of k2 in the range 0.1 ≤ k2 ≤ 5. The
figures demonstrate the domains with a fixed number of real solutions in the
plane (k1, k3) (here, k1 is the vertical axis, and k3 is the horizontal axis), and
the domain boundaries are cross sections of the surface P2(k1, k2, k3) = 0 with
the plane k2 = const.

Fig. 1. The regions with the fixed number of equilibria for k2 = 0.1

The figures indicate the domains where eight and four real solutions exist
as well as the domains where no real solutions exist (marked by 0). It can be
seen from Fig. 1 that for small values of k2 (k2 < 0.5), there are eight real
roots of Eq. (13) in the region near the origin of the coordinate system. In these
cases, there is only one region located above the positive branch of the hyperbola
k1k3 = 4, where eight equilibria of the satellite exist (four real roots of Eq. (13)).
Grey shaded regions correspond to the existence of equilibria.

For k2 = 0.5, the regions with the number of real roots of Eq. (13) equal to
8 disappear in the positive quadrant k1 ≥ 0, k3 ≥ 0 (Fig. 2) and, with further
increase of parameter k2, there are regions with the number of real roots equal to
4, and the regions with no real roots (Fig. 3). There is only one region (marked by
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Fig. 2. The regions with the fixed number of equilibria for k2 = 0.5

Fig. 3. The regions with the fixed number of equilibria for k2 = 5.0
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grey color), which is located above the positive branch of the hyperbola k1k3 = 4,
with 8 equilibrium orientations (four real roots of Eq. (13)).

The results of the analysis of the equilibria total number in the third case can
be summarized as follows. The curves P2(k1, k2, k3) = 0 and k1k3 = 4 decompose
the plane (k1, k3) into three domains where no equilibria (8 or 4 real roots exist),
8 equilibria (4 real roots exist), and no equilibria (no real roots) exist.

The final decomposition of the plane (k1, k3) for k2 = 0.1, k2 = 0.5, and
k2 = 5.0 is presented in Figs. 1, 2 and 3.

5 Necessary and Sufficient Conditions of Asymptotic
Stability of the Equilibrium Orientations of Satellite

In order to study the necessary and sufficient conditions of asymptotic stability of
the above-determined equilibrium orientations of system (6)–(7) let us linearize
the system of Eqs. (4) and (5) in the vicinity of the equilibrium solution α = α0,
β = β0, γ = γ0. We represent α, β, and γ in the form α = α0 + ᾱ, β = β0 + β̄,
γ = γ0+γ̄, where ᾱ, β̄ and γ̄ are small deviations from the equilibrium orientation
of the satellite α = α0, β = β0, γ = γ0.

After rather exhausting symbolic transformations, the linearized system of
equations of motion takes the following form:

θA ¨̄α sin β0 + [2(θC − 1)a22a23 + k1a21] ˙̄α + 3(θC − 1)(a12a33 + a13a32)ᾱ

+ cos β0[(θA + θC − 1) − 2(θC − 1) sin2 γ0] ˙̄β + cos β0[(θC − 1)

[(1 + 3 sin2 α0) sin β0 sin 2γ0 − 3
2

sin 2α0 cos 2γ0] + k1]β̄ + θA ¨̄γ + k1 ˙̄γ

+(θC − 1)[(a2
23 − a2

22) − 3((a2
33 − a2

32)]γ̄ = 0,

¨̄αa22 + [2(θA − θC)a21a23 + k2a22] ˙̄α + 3(θA − θC)(a13a31 + a11a33)ᾱ

+¨̄β sin γ0 + [(θA + θC − 1) sin β0 cos γ0 + k2 sin γ0] ˙̄β − [(θA − θC)

[(1 + 3 sin2 α0) cos 2β0 sin γ0 +
3
2

sin 2α0 sin β0 cos γ0] + k2 sin β0 cos γ0]β̄

+(θA + θC − 1)a23 ˙̄γ + [(θC − θA)(a21a22 − 3a31a32) + k2a23]γ̄ = 0,

θC ¨̄αa23 + cos 2β0[2(1 − θA) sin β0 cos γ0 − k3 sin γ0] ˙̄α + θC
¨̄β cos γ0

+[(θC − θA + 1) sin β0 sin γ0 + k3 cos γ0] ˙̄β

+[(1 − θA)[(1 + 3 sin2 α0) cos 2β0 cos γ0 − 3
2

sin 2α0 sinβ0 sin γ0]

+k3 sinβ0 sin γ0]β̄ + 3(1 − θA)(a11a32 + a12a31)ᾱ
−(θA + θC − 1)a22 ˙̄γ + [(1 − θA)(a21a23 − 3a31a33) − k3a22]γ̄ = 0. (18)

Now let us consider small oscillations of the satellite in the vicinity of the
specific equilibrium orientation, when the principal axes of inertia of the satellite
coincide with the orbital coordinate system:

α0 = β0 = γ0 = 0. (19)
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This is one of the equilibrium solutions from (9), when a22 = 1, a11 = 1, and
a33 = 1. Taking into account expressions (1) for solution (19), we get sin α0 = 0,
sin β0 = 0, sin γ0 = 0, and linearized equations (18) take the form

¨̄α + k2 ˙̄α + 3(θA − θC)ᾱ = 0,

θC
¨̄β + k3

˙̄β − (θA + θC − 1) ˙̄γ + (1 − θA)β̄ − k3γ̄ = 0,

θA ¨̄γ + k1 ˙̄γ + (θA + θC − 1) ˙̄β + 4(1 − θC)γ̄ + k1β̄ = 0. (20)

The characteristic equation of system (20)

[λ2 + k2λ + 3(θA − θC)](A0λ
4 + A1λ

3 + A2λ
2 + A3λ + A4) = 0 (21)

decomposes into quadratic and 4th degree equations. Here the following nota-
tions are introduced:

A0 = θAθC , A1 = k1θC + k3θA,

A2 = k1k3 + (θA + θC − 1)2 + θA(1 − θA) + 4θC(1 − θC),
A3 = k1θC + k3(θA − 3θC + 3), A4 = k1k3 + 4(1 − θA)(1 − θC).

The necessary and sufficient conditions for asymptotic stability (Routh–
Hurwitz criterion) of the equilibrium solution (19) take the following form:

k2 > 0, θA − θC > 0,

Δ1 = A1 = k1θC + k3θA > 0,

Δ2 = A1A2 − A0A3 = k2
1k3θC + k1k

2
3θA

+ (1 − θC)[k1θC(3θC − θA + 1) + k3θA(1 − θA)] > 0,

Δ3 = A1A2A3 − A0A
2
3 − A2

1A4 = 3(1 − θC)[k2
1k

2
3θC + k1k

3
3θA

+ k2
1θ

2
C(θA + θC − 1) + k1k3θC [(θA + θC − 1)(2θA − 1)

+ 3θC(1 − θC)] − k2
3θA(1 − θA)(θA + θC − 1)] > 0,

Δ4 = Δ3A4 > 0, A4 = k1k3 + 4(1 − θA)(1 − θC) > 0. (22)

Let us consider the special case when k1 = k2 = k3 = k. In this case,
conditions (22) take a simpler form

k > 0, θA − θC > 0,

Δ1 = k(θC + θA) > 0,

Δ2 = k[k2 + (1 − θC)2]θA
+ k[k2 + (1 − θC)(1 + 3θC)]θC − k(1 − θC)θ2A > 0,

Δ3 = 3k2(1 − θC)[θ3A + (3θC − 2)θ2A
+ [k2 + (1 − θC)(1 − 3θC)]θA
+ θC [k2 + (1 − θC)(1 + 2θC)]] > 0,

Δ4 = Δ3A4 > 0, A4 = k2 + 4(1 − θA)(1 − θC) > 0. (23)



Influence of Damping Torques on Satellite Dynamics 179

Fig. 4. The region of fulfillment of the asymptotic stability conditions for k = 0.5

Fig. 5. The region of fulfillment of the asymptotic stability conditions for k = 1.0

The detailed analysis of the regions where necessary and sufficient condi-
tions of stability (23) hold is studied in the plane of two dimensionless iner-
tia parameters (θA, θC) at different values of damping coefficient k. It is evi-
dent that along with (23), the triangle inequalities should also be satisfied:
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Fig. 6. The transitional process of damping oscillations for k = 0.5

θA + θC > 1, θC + 1 > θA, θA + 1 > θC . One may disregard the third trian-
gle inequality, since when θA > θC it holds automatically. Thus, the region is
limited by the straight lines

θC = 1 − θA, θC = θA, θC = θA − 1. (24)

An example of such a region and also all the lines on which one of inequalities
(23) converts into equality are shown in Figs. 4 and 5. The region where the
necessary and sufficient conditions of stability are satisfied is marked out by
gray color. In Fig. 4, the region of fulfillment of the necessary and sufficient
conditions of stability (23) for k = 0.5 is bounded by the straight lines (24) and
by hyperbola A4 = 0. In Fig. 5 for k = 1, the region where stability conditions
(23) hold is bounded only by the straight lines (24).

The numerical integration of system (4) and (5) has been done in the special
case when k1 = k2 = k3 = k. The different types of transition decay processes
of spatial oscillations of the satellite at different damping parameters have been
investigated numerically. Figure 6 shows an example of transition decay processes
of spatial oscillations for k = 0.5 and for inertia parameters θA = 1, θC =
0.5 where conditions of asymptotic stability (23) hold. The system in this case
reaches the equilibrium position (19) at all three angles at the τ value, equal
to 25.
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6 Conclusion

In this paper, we have analyzed the rotational motion of the satellite relative
to the center of mass in a circular orbit due to gravity and active damping
torques. The main focus is the study of satellite equilibrium orientations and
the conditions for their stability. A computer algebra method (based on the
construction of Gröbner bases) has been proposed to determine all the equilibria
of the satellite in the orbital coordinate system for the given values of the active
damping torque vector in the general case; the conditions of their existence have
been obtained.

The two-dimensional cross sections of domains with equal number of equilib-
rium orientations using algebraic methods for the construction of discriminant
hypersurfaces have been classified. We have made a detailed analysis of the evo-
lution of different domains of existence of equilibrium orientations in the plane
of parameters k1 and k3 for the fixed values of parameter k2.

Necessary and sufficient conditions for asymptotic stability of the equilib-
rium orientations were obtained with the help of the Routh–Hurwitz criterion.
The transition decay processes of spatial oscillations of the satellite have been
investigated numerically. The results of this study can be used for a preliminary
design of gravitational systems to control the satellite’s orientation and make it
possible to simulate the influence of the damping torque on its orientation.

Acknowledgements. The authors thank the reviewers for very useful remarks and
suggestions and Professor V. Gerdt for the advice on the effectiveness of methods and
algorithms of Gröbner basis construction.
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