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Abstract. Methods of computer algebra are used to study the proper-
ties of a nonlinear algebraic system that determines equilibrium orien-
tations of a satellite moving along a circular orbit under the action of
gravitational and constant torques. An algorithm for the construction of
a Groebner basis is proposed for determining the equilibrium orientations
of a satellite with a given constant torque and given principal central mo-
ments of inertia. The number of equilibria depending on the parameters
of the problem is found by the analysis of real roots of algebraic equation
of degree 6 from constructed Groebner basis. The domains with differ-
ent numbers of equilibria are specified by the discriminant hyper surface
given by discriminant of 6 degree polynomial, which was computed sym-
bolically. The equations of boundary curves of two-dimensional section of
the discriminant hypersurface are determined in function of values of the
components of constant torque. Classification of domains with different
number of equilibria from 24 to 0 is carried out for arbitrary values of
the parameters.

1 Introduction

Celestial mechanics and astrodynamics are popular domains of application of
symbolic computation methods. The important aspect of the development of
astrodynamics and space engineering is the design of systems of orientation of
the satellites. Among the various types of attitude control systems of orienta-
tion, the most widespread are the gravity orientation systems of the satellite.
These systems are based on the fact that a satellite with different moments of
inertia in the central Newtonian force field in the circular orbit has 24 equi-
librium orientations, and four of them are stable [1], [2] and [3]. An important
property of gravity orientation systems is that these systems can operate for a
long time without spending energy. The problem to be analyzed in the present
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work is related to the behavior of the satellite acted upon by the gravity gra-
dient and constant torques. The constant torque may be produced actively or
caused, for example, by gas or fuel escape from the satellite. The action of some
constant torque changes the orientations of the satellite and can destroy some or
even all equilibria. Therefore, it is necessary to study the joint action of gravita-
tional and constant torques and, in particular, to analyze all possible satellite’s
equilibria in a circular orbit. Such solutions can be used in practical space tech-
nology in the design of control systems of the satellites. In [4], the existence of
equilibria for the satellite under the action of the gravity gradient and constant
disturbing torques in some particular cases was indicated. For general values of
constant torque, this problem was studied in [5], using aircraft angles approach
for determining the satellite equilibrium orientations. It was shown that for small
constant torque there exist 24 equilibria, and the number of equilibria decreases
with the increase of constant torque. Using the above approach, the classification
of different distributions of the number of equilibria as the function of parame-
ters of the problem, namely, the components of the constant torque, the inertial
parameters of the satellite and the angular velocity of its orbital motion was
done in [6].

In the present work, the problem of determination of the classes of equilib-
rium orientations for the general values of constant torque is considered. The
equilibrium orientations are determined by real roots of the system of algebraic
equations. The investigation of equilibria was possible due to application of Com-
puter Algebra Groebner basis and resultant methods. Evolution of domains with
a fixed number of equilibria is investigated by the analysis of the singular points
of the discriminant hypersurface in dependence of three dimensionless system
parameters. Bifurcation values of the system parameters corresponding to the
qualitative change of these domains were determined.

2 Equations of Motion

The motion of the satellite subjected to gravitational and constant torques in a
circular orbit is considered. We assume that 1) the gravity field of the Earth is
central and Newtonian, 2) the satellite is a triaxial rigid body, 3) the satellite is
subjected to the gravity gradient torque and the torque that is fixed with respect
to the body of satellite, so the components of this torque in the body fixed frame
are constant. To write the equations of motion we introduce two right Cartesian
coordinate systems with origin in the satellite’s center of mass O. OXY Z is
the orbital coordinate system whose OZ axis is directed along the radius vector
connecting the centers of mass of the Earth and of the satellite; the OX axis is
directed along the vector of linear velocity of the center of mass O. Oxyz is the
satellite body coordinate system; Ox, Oy, and Oz are the principal central axes
of inertia of the satellite. The orientation of the satellite body coordinate system
Oxyz with respect to the orbital coordinate system is determined by means of
the aircraft angles of pitch (α), yaw (β) and roll (γ), and the direction cosines in
transformation matrix between the orbital coordinate system OXY Z and Oxyz
are represented by the following expressions [1]:
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a11 = cos(x,X) = cosα cosβ,

a12 = cos(y,X) = sinα sin γ − cosα sinβ cos γ,

a13 = cos(z,X) = sinα cos γ + cosα sinβ sin γ,

a21 = cos(x, Y ) = sinβ,

a22 = cos(y, Y ) = cosβ cos γ, (1)

a23 = cos(z, Y ) = − cosβ sin γ,

a31 = cos(x, Z) = − sinα cosβ,

a32 = cos(y, Z) = cosα sin γ + sinα sinβ cos γ,

a33 = cos(z, Z) = cosα cosβ − sinα sinβ sin γ.

Then equations of the satellite’s attitude motion can be written in the Euler
form [5]:

Aṗ+ (C −B)qr − 3ω2
0(C −B)a32a33 − ã = 0,

Bq̇ + (A− C)rp − 3ω2
0(A− C)a31a33 − b̃ = 0, (2)

Cṙ + (B −A)pq − 3ω2
0(B −A)a31a32 − c̃ = 0,

p = (α̇ + ω0)a21 + γ̇,

q = (α̇ + ω0)a22 + β̇ sin γ, (3)

r = (α̇ + ω0)a23 + β̇ cos γ.

In equations (2) and (3), A, B, and C are the principal central moments of
inertia of the satellite; p, q, and r are the projections of the angular velocity of
the satellite onto the Ox, Oy, and Oz axes; ω0 is the angular velocity of the
orbital motion of the satellite center of mass, while ã, b̃, c̃ are the components of
the constant torque in the satellite body coordinate system. The dot designates
differentiation with respect to time t.

3 Equilibrium Orientations

Setting in (2) and (3) α = α0 = const, β = β0 = const, γ = γ0 = const, we
obtain at A �= B �= C the equations

a22a23 − 3a32a33 = a,

a21a23 − 3a31a33 = b, (4)

a21a22 − 3a31a32 = c,

allowing us to determine the satellite equilibrium orientations in the orbital
coordinate system. Here

a =
ã

ω2
0(C −B)

, b =
b̃

ω2
0(A− C)

, c =
c̃

ω2
0(B −A)
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are the constants that characterize the dimensionless components of the constant
torque.

Substituting the expressions for the direction cosines from (1) into Eqs. (4),
we arrive at the system of three equations in the three unknowns α, β, and γ.
Another, more convenient, way to close Eqs. (4) is to add the following three
conditions of orthogonality of the direction cosines

a221 + a222 + a223 = 1,

a231 + a232 + a233 = 1, (5)

a21a31 + a22a32 + a23a33 = 0.

System (4), (5) includes six algebraic equations for six unknown direction cosines,
which allow us to determine the satellite equilibria in the orbital reference frame.
After a21, a22, a23, a31, a32, and a33 are found, the direction cosines a11, a12 and
a13 can be determined from the conditions of orthogonality. For the system of
equations (4) and (5), we state the following problem: for given a, b, and c find all
nine direction cosines, i.e., to find all the equilibrium orientations of the satellite.
It is possible to see at once that for any given attitude of the satellite there will
always exist a, b, and c such that this attitude is an equilibrium orientation.

In [5], using the direction cosines in terms of orientation angles (1) and con-
cept of resultant, is shown that the system of equations (4), (5) can be reduced
to a single algebraic equation of sixth degree with real coefficients, which rep-
resent polynomials depending on three dimensionless parameters of the system.
Four equilibrium orientations of a satellite correspond to every real root of this
algebraic equation. Since the number of real roots of the algebraic equation of
degree 6 does not exceed 6, the satellite subjected to gravitational and constant
torques can have no more than 24 equilibrium orientations in a circular orbit.
In the case a = b = c = 0, it has been proved that the system (4), (5) has 24
solutions describing the equilibrium orientations of the satellite-rigid body [1],
[2] and [3].

To solve algebraic system (4), (5) we applied the algorithm of constructing
the Groebner bases [7]. The method of constructing the Groebner bases is an
algorithmic procedure for complete reduction of the problem in the case of the
system of polynomials in many variables to the polynomial of one variable. Using
the Groebner[gbasis] Maple package [8] for constructing Groebner bases with
linear ordering with respect to tdeg powers, we constructed the Groebner basis
for system of six polynomials (4), (5) with six variables aij (i = 2, 3; j = 1, 2, 3)
under the ordering on the total power of the variables.

In the list of variables in the Maple Groebner package, we use six direction
cosines, and we include in the list of polynomials the polynomials from the left-
hand sides fi (i = 1, 2, ...6) of the algebraic equations (4), (5):

G:=map(factor, Groebner[gbasis]([f1,f2,...,f6 ], tdeg(a21,a22,a23, a31,a32,a33))).

Below are the polynomials from the constructed Groebner basis that depend only
on five variables a22, a23, a31, a32 and a33:
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ba222 − 3ba232 + 12a31a33 − ac+ 3b = 0,

144a232a
2
33 + (84a− 24bc)a32a33 + 12a2(a232 + a233)

+a2c2 + a2b2 + b2c2 − 7abc = 0,

12ca333 + 12ba32a
2
33 − b(c2 + 12)a32 − c(b2 + 12)a33 (6)

+12ca33a
2
32 + 12ba332 + (ac2 + ab2 − 7bc)a31 = 0,

aba223 − 3aba233 − 12aa31a33 − 12ba32a33 + ca2 + cb2 − 4ab = 0,

12aa31a
2
33 + 12ba32a

2
33 + a2ba32 + ab2a31 − (cb2 + ca2 − 7ab)a33 = 0.

To calculate the sixth-order polynomial from the constructed Groebner basis
that depends only on one variable a233 the lexicographic monomial order was
chosen: map(factor,Groebner[Basis]( G,plex(a31, a32, a33, a21, a22, a23))). An-
other way to have such a polynomial is possible by calculating the resultant
from the second and third polynomials of Groebner basis in (6), which involve
only two unknowns a32 and a33. Such resultant also yields the same sixth-degree
polynomial in a233. A simpler sixth-order algebraic equation from the constructed
Groebner basis (6) that depends only on one variable x = a223 is possible to con-
struct by changing the order in the lexicographic list –

plex( a21, a22, a23, a31, a32, a33). This polynomial has the form

P (x) = p0x
6 + p1x

5 + p2x
4 + p3x

3 + p4x
2 + p5x+ p6 = 0, (7)

where

p0 = 4096,

p1 = −8192,

p2 = 256(16− 6u2 + 20uc+ 17v),

p3 = −128(u2v + 8c2u2 − 8u2 + 40cu+ 5cuv + 34v − c2v2),

p4 = 16(9u4 + 257u2 − 43u2v + 16v2 + 210cuv − 20cuv2 + 20cu3

+ 17v2c2 + 64c2u2),

p5 = 8(4u2v2 − 34u2v − 38u4 + 3u4v − 130cu3 + 5cu3v − 20cuv2 − 4c2v3

− 68c2u2v + 3c2u2v2 − 10c3uv2),

p6 = (4u2 + u2v + c2v2 + 5cuv)2, v = a2 + b2, u = ab.

Equation (7) together with (6) and (4) can be used to determine all the equilib-
rium orientations of the satellite under the influence of gravitational and constant
torques. The number of real roots of the algebraic equation (7) is even and not
greater than 6. For each solution one can find two values of a23 and, then, their
respective values a31, a32 and a33 from the equations (6). For each set of values
a31, a32, and a33, one can define from the first equation (6) two values of a22
and then from original system (4) the respective value a21. After a21, a22, a23,
a31, a32, and a33 are found, the direction cosines a11, a12, and a13 can be un-
ambiguously determined from the conditions of orthogonality. Thus, each real
root of the algebraic equation (7) is matched with four sets of values aij (four
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equilibrium orientations). Since the number of real roots of equation (7) does not
exceed 6, the satellite at the circular orbit can have no more than 24 equilibrium
orientations. Analysis of special cases when only one parameter has a nonzero
value (the constant torque vector coincides with the principal axes of inertia of
the satellite), say a �= 0, b = c = 0, was studied in [5], another special cases, one
of them, for example, b = c �= 0 presented in [6].

Equation (7) determines the hypersurface in (a, b, c)−space that satisfies the
following system of equations:

P (x) = 0, P ′(x) = 0. (8)

The variable x can be eliminated from (8) using the method of resultant. Ex-
panding the determinant of resultant matrix of equations (8) with the help of
Maple symbolic matrix function, we obtain the algebraic equation of the hyper-
surface in the form

(a2 − b2)6P 2
1 (a, b, c)P2(a, b, c) = 0. (9)

Here P1(a, b, c) and P2(a, b, c) are the polynomials of the 15th degree and 18th
degree, respectively.

To select regions in the parameter space with the same number of real roots
of equation (7) Meiman’s theorem was used [9]. It follows from the Meiman’s
theorem that partition of the space of parameters on the domains with the same
number of real roots is given by discriminant hypersurface. This hypersurface
contains a component of codimension 1, which is the boundary of these domains.
The discriminant of polynomial P (x) is given by the determinant of resultant of
polynomials (8). Now we have to verify whether the number of equilibria really
changes when we cross one of the surfaces (9). This can be done directly, finding
the number of equilibria numerically at a single point on each one of the domains
in (a, b, c) – space limited by these surfaces. This analysis showed that only the
surface

P2(a, b, c) = 0. (10)

separates domains with different number of equilibria.
The polynomial P2(a, b, c) has rather cumbersome form:

P2(a, b, c) = 729a10(b2 + c2)4 + 15120a9bc(b2 + c2)2

+ a8(729b10 + 243b8(24c2 − 13) + 27b6(513c4 − 1638c2 − 676)

+ b4(27376 + 91260c2 − 82134c4 + 13851c6)

+ b2(5832c8 − 44226c6 + 91260c4 − 7456c2)

+ c4(27376− 18252c2 − 3159c4 + 729c6))

+ 70a7bc(405b6 + 9b4(75c2 − 338) + b2
(
675c4 − 3276c2 + 2704

)

+ 405c6 − 3042c4 + 2704c2 − 1152)

+ a6(2916b10c2 + 27b8(513c4 − 1638c2 − 676) + b6(21870c6

− 167427c4 + 314847c2 + 132619) + b4(13851c8 − 167427c6



204 S.A. Gutnik, A. Guerman, and V.A. Sarychev

+ 771147c4 − 903619c2 − 118976) + b2(2916c10 − 44226c8

+ 314847c6 − 903619c4 + 522288c2 − 97344)

− 18252c8 + 132619c6 − 118976c4 − 97344c2 + 20736)

+ 70a5bc(216b8 + 9b6(75c2 − 338) + b4(891c4 − 3276c2 + 15041)

+ b2(675c6 − 3276c4 + 11492c2 − 18440)

+ 7488− 18440c2 + 15041c4 − 3042c6 + 216c8)

+ a4(4374b10c4 + b8(27376 + 91260c2 − 82134c4 + 13851c6)

+ b6(−118976− 903619c2 + 771147c4 − 167427c6 + 13851c8)

+ b4(−170183 + 3452995c2 − 2647224c4 + 771147c6 − 82134c8

+ 4374c10)

+ b2(648288− 3298542c2 + 3452995c4 − 903619c6 + 91260c8)

− 134784 + 648288c2 − 170183c4 − 118976c6 + 27376c8)

+ 70a3bc(432b8c2 + b6(2704− 3276c2 + 675c4)

+ b4(−18440 + 11492c2 − 3276c4 + 675c6)

+ b2(29497− 11306c2 + 11492c4 − 3276c6 + 432c8)

− 12168 + 29497c2 − 18440c4 + 2704c6)

+ a2(2916b10c6 + b8(−7456c2 + 91260c4 − 44226c6 + 5832c8)

+ b6(−97344 + 522288c2 − 903619c4 + 314847c6 − 44226c8

+ 2916c10)

+ b4(648288− 3298542c2 + 3452995c4 − 903619c6 + 91260c8)

+ b2(−1045044+ 4826593c2 − 3298542c4 + 522288c6 − 7456c8)

− 36(−6084 + 29029c2 − 18008c4 + 2704c6))

+ 70abc(216b8c4 + b6(−1152 + 2704c2 − 3042c4 + 405c6)

+ b4(7488− 18440c2 + 15041c4 − 3042c6 + 216c8)

+ b2(−12168 + 29497c2 − 18440c4 + 2704c6)

− 72(c2(4c2 − 13)2 − 54))

+ b8c4(27376− 18252c2 − 3159c4 + 729c6)

+ b6(20736− 97344c2 − 118976c4 + 132619c6 − 18252c8)

+ b4(−134784 + 648288c2 − 170183c4 − 118976c6 + 27376c8)

− 36b2(−6084 + 29029c2 − 18008c4 + 2704c6)

+ 1296(c2(4c2 − 13)2 − 36).

Evolution of domains with the fixed number of equilibria in dependence of three
system parameters a, b, c is possible to investigate by the analysis of hypersurface
(10). The regions of the (a, b, c)–space, where equilibria exist, are limited by the
inequalities [5]

a2 + b2 + c2 ≤ 5, a2 + b2 ≤ 4, c2 + b2 ≤ 4, a2 + c2 ≤ 4. (11)
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Fig. 1. The regions with the fixed number of equilibria for a = (−35 +
√
193)/12

¿From the form of coefficients of equation (7), it follows that the parameters
a and b occur symmetrically in it. In the terms of the coefficients pi, we can
separate out the factor abc so that a, b, and c occur only in even powers, so the
transformation a → −a leads to a distribution of number of equilibria symmetric
with respect to either b- or c-axis. For the numerical investigation of equation (7),
it is sufficient to consider the domain of the parameters delimited by inequalities
(11) and the inequalities

− 2 ≤ a ≤ 2, −2 ≤ b ≤ 2, −2 ≤ c ≤ 2; (12)

in the plane (b, c), for the fixed a the parameters can be confined to the sector
between the lines c = b and c = 0 by virtue of symmetry. On the diagonal
of the square |b| ≤ 2, |c| ≤ 2, when |b| = |c|, there is additional restriction
|b| ≤ √

2. The dependence of the number of real roots of equation (7) have
been analyzed in space of parameters delimited by inequalities (11), (12). Some
classification results [6] of different distributions of number of real roots for values
of parameters in the domain (11), (12) were used.

The numerical analysis of the boundary curve (10) as well as the direct calcu-
lations of number of equilibria within the cube (12) resulted in the set of pictures
of the distribution of the number of equilibria in the plane (b, c) for a = const
(Figs. 1–5). In fact, we calculated the two-dimensional section of the discrimi-
nant hypersurface that is given by the algebraic equation of two parameters b
and c. It was found that most of the regions with specific values of number of
equilibria arise or vanish on the diagonal of the square |b| ≤ 2, |c| ≤ 2, that is,
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Fig. 2. The regions with the fixed number of equilibria for a = −3/2

when |b| = |c|. In this condition, we use the special cases results of [6] to calculate
analytically the critical values of a, which correspond to qualitative changes of
the distribution of number of equilibria as well as the coordinates (b, c) of points
giving rise to new region (or ones where regions disappear). In some cases, the
critical values of a were found numerically.

Figures 1–5 present some essentially different distributions of the number of
equilibrium orientations in the planes a = const for negative a. The classification
was made for −2 ≤ a ≤ 0, because the transformation a → −a leads to a
distribution of number of equilibria symmetric with respect to either b– or c–
axis. Each figure corresponds to a specific value of a and shows the regions
with different number of equilibria in (b, c)–plane (b−axis is horizontal, and
c−axis is vertical) and boundary curves obtained as a cross section of surface
(10) by the plane a = const. The value of a in the space of parameters, where
the picture changes qualitatively, changing the number of regions with specific
values of the number of equilibria as well as their mutual disposition was defined
as bifurcational. Figures 1–5 present the pictures where the principal changes
appear. Here are indicated regions with 24, 16, 8, and 0 number of equilibria.

The first critical value is a = −2. The parameter values b = c = 0 are the
only ones which correspond to equilibria (there are four of them). In the interval
−2 < a < (−35 +

√
193)/12, there is one region with the number of equilibria

equal to 8. The second critical value is (−35 +
√
193)/12 (Fig. 1). There is only

one region that corresponds to 8 equilibrium orientations. For the next interval
(−35 +

√
193)/12 < a < −3/2, there exist 8 and 16 equilibria. For a = −3/2
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Fig. 3. The regions with the fixed number of equilibria for a = −2/3

Fig. 4. The regions with the fixed number of equilibria for a = −1/2
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Fig. 5. The regions with the fixed number of equilibria for a = 0

there are two regions with the number of equilibria equal to 16 and they merge
at the point b = c = 0 (Fig. 2). At the next critical value a = −7/6, four regions
with the number of equilibria equal to 24 appear. For the next critical value
a = −1 there are two regions with 24 equilibria, nine regions with 16 equilibria
and two regions and two points with the number of equilibria equal to 8. For
−1 < a < −2/3, two regions with the number of equilibria equal to 0 appear. At
a = −2/3, the regions with the number of equilibria equal to 0 degenerate into
the point b = c = 2/3 (Fig. 3). For a = −1/2, two regions with the number of
equilibria equal to 24 merge and constitute one central region with the number
of equilibria equal to 24 (Fig. 4). Figure 5 illustrates for a = 0 a cross-shaped
cross section with large central region with the number of equilibria equal to 24.

The picture that corresponds to a positive value of a is obtained by one of
the reflections: b to −b, or c to −c.

4 Conclusion

In this work, we present the analysis of the number of equilibrium orientations
of the satellite under the action of the gravitational and constant torque in gen-
eral case when a �= 0, b �= 0, and c �= 0 with the help of Computer Algebra
methods. The Computer Algebra system Maple is applied to reduce the satel-
lite stationary motion system of six algebraic equations with six variables to
a single algebraic equation of sixth degree in one variable, using the Groebner
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package for the construction of the Groebner basis. We have obtained the fol-
lowing new results. For general values of the components of the constant torque,
we have indicated the analytic equation of the discriminant hypersurfaces that
limit regions with different number of equilibrium orientations. The hypersurface
equation was computed symbolically using the resultant approach. In this case,
both the classification of different distributions of the number of equilibria and
the coordinates of the bifurcation points were obtained combining analytical and
numerical analysis.

These results permit us to describe the change of the number of equilibrium
orientations of the satellite as a function of the parameters a, b, and c. When the
constant torque is small enough, there exist 24 equilibria; when it is large enough,
there are none. The evolution of domains with the fixed number of equilibrium
orientations was investigated both analytically and numerically in the plane of
two parameters b and c for different values of parameter a. The bifurcation values
of a corresponding to the qualitative change of domains with the fixed number of
equilibria were determined. From these results, we conclude that the satellite can
have no more than 24 equilibrium orientations in a circular orbit.

The results of the study can be used at the stage of preliminary design of the
satellite with gravitational control system.
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