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Abstract—In this paper the different types of equilibria of
a satellite moving along a circular orbit under influence of
gravitational and aerodynamic torques are investigated. The main
attention is paid to study the conditions of existence of satellite’s
equilibria for special cases, when one of the principal axes of
inertia of the satellite coincides with the normal to the orbital
plane, with radius vector or tangent to the orbit and conditions
of their stability.

I. INTRODUCTION

In this paper an investigation of satellite’s dynamics under
the influence of gravitational and aerodynamic torques is pre-
sented. The gravity orientation systems are based on the result
that a satellite with different moments of inertia in the central
Newtonian force field in a circular orbit has 24 equilibrium
orientations [1]. However, at altitudes from 250 up to 500 km
rotational motion of a satellite is subjected to aerodynamic
torque too. Therefore, it is necessary to study the joint action
of gravitational and aerodynamic torques and, in particular,
to analyze the conditions of existence of satellite’s equilibria.
Such solutions are used in practical space technology in the
design of attitude control systems of satellites.

II. EQUILIBRIUM ORIENTATIONS OF A SATELLITE

Consider the attitude motion of a satellite-rigid body sub-
jected to gravitational and aerodynamic torques in a circular
orbit. We assume that the effect of atmosphere on a satellite
is reduced to the drag force applied at the center of pressure
and directed against the velocity of the satellite’s center of
mass relative to the air, and the center of pressure is fixed in
the satellite body. Let us introduce two right-handed Cartesian
coordinate systems with origin in the satellite’s center of mass
O. OXY Z is the orbital reference frame. The axis OZ is
directed along the radius vector from the Earth center of mass
to the satellite’s center of mass, the axis OX is in the direction
of a satellite’s orbital motion. Oxyz is the satellite’s body
reference frame; Ox, Oy, Oz are the principal central axes
of inertia of the satellite. The orientation of the satellite body
coordinate system Oxyz with respect to the orbital coordinate
system is determined by means of the aircraft angles of pitch

α, yaw β and roll γ, and the direction cosines in transformation
matrix between the orbital coordinate system OXY Z and
Oxyz are represented by the following expressions:

a11 = cos(x,X) = cosα cosβ,

a12 = cos(y,X) = sinα sin γ − cosα sinβ cos γ,

a13 = cos(z,X) = sinα cos γ + cosα sinβ sin γ,

a21 = cos(x, Y ) = sinβ,

a22 = cos(y, Y ) = cosβ cos γ, (1)
a23 = cos(z, Y ) = − cosβ sin γ,

a31 = cos(x, Z) = − sinα cosβ,

a32 = cos(y, Z) = cosα sin γ + sinα sinβ cos γ,

a33 = cos(z, Z) = cosα cosβ − sinα sinβ sin γ.

Then equations of the satellite’s attitude motion can be written
in the form

Aṗ+ (C −B)qr − 3ω2
0(C −B)a32a33 =

= ω2
0(H2a13 −H3a12),

Bq̇ + (A− C)rp− 3ω2
0(A− C)a31a33 =

= ω2
0(H3a11 −H1a13),

Cṙ + (B −A)pq − 3ω2
0(B −A)a31a32 = (2)

= ω2
0(H1a13 −H3a11),

p = (α̇+ ω0)a21 + γ̇,

q = (α̇+ ω0)a22 + β̇ sin γ,

r = (α̇+ ω0)a23 + β̇ cos γ.

Here H1 = −aQ/ω2
0 , H2 = −bQ/ω2

0 , H3 = −cQ/ω2
0 , Q −

is the atmospheric drug force acting on a satellite; a, b, c
are the coordinates of the center of pressure of a satellite in
the reference frame Oxyz; A, B, C are the principal central
moments of inertia of the satellite; p, q, r are the projections of
the satellite’s angular velocity onto the axes Ox, Oy, Oz; ω0

is the angular velocity of the orbital motion of the satellite’s
center of mass. The dot designates differentiation with respect
to time.



Putting in (3) α = α0 = const, β = β0 = const,
γ = γ0 = const, we obtain at A 6= B 6= C the equations

(C −B)(a22a23 − 3a32a33) = H2a13 −H3a12,

(A− C)(a21a23 − 3a31a33) = H3a11 −H1a13, (3)
(B −A)(a21a22 − 3a31a32) = H1a12 −H2a11.

The system (3) with the following six orthogonality conditions
for the direction cosines

a211 + a212 + a213 = 1, a11a21 + a12a22 + a13a23 = 0,

a221 + a222 + a223 = 1, a11a31 + a12a32 + a13a33 = 0, (4)
a231 + a232 + a233 = 1, a21a31 + a22a32 + a23a33 = 0,

form a closed system of nine equations with respect to the nine
direction cosines, which specifies the equilibrium orientations
of the satellite in the orbital coordinate system.

The system (3) – (4) has been solved for the following cases:
1) the center of pressure of aerodynamic forces is located
on a satellite’s principal central axis of inertia (H1 6= 0,
H2 = H3 = 0) [2], [3]; 2) the center of pressure of
aerodynamic forces is located in one of the principal central
planes of inertia of the satellite (H1 6= 0, H2 = 0, H3 6= 0)
[4]; 3) the case of axisymmetric satellite (A 6= B = C,
H1 6= 0, H2 6= 0, H3 6= 0) [5]; 4) the general case of
the problem when A 6= B 6= C, H1 6= 0, H2 6= 0,
H3 6= 0 [6]. In all of these cases the equilibrium orientations
in the orbital coordinate system were determined analytically
or numerically and sufficient conditions for stability of the
equilibrium orientations are investigated using the Lyapunov
theorem.

The main focus of this work is given to new interesting
special cases, when one of the principal axis of inertia of
the satellite coincides with the normal to the orbital plane,
with radius vector or tangent to the orbit. Let us consider
only one special case when a223 = 1 (axis Oz of the satellite
coincides with the normal OY to the orbital plane). From
equations (1), (3) and (4) it is easy to obtain the relations
a33 = a13 = a21 = a22 = 0, H3 = 0, which implies
sinβ = cosγ = 0. Taking into account the expressions ob-
tained for a23, a13, a33, a21, a22, the remaining four direction
cosines defined by equations

3νa31a32 + (h1a31 + h2a32)a23 = 0,

a231 + a232 = 1, (5)
a11 = −a23a32, a12 = a23a21.

The first two equations of system (5) can be written in the
algebraic form

9ν2a431 + 6νh2a
3
31 + (h21 + h22 − 9ν2)a231 −

−6νh2a31 − h21 = 0, (6)

a32 = ∓ h1a31
(3νa31 ± h2)

.

In systems (5), (6) h1 = Hi/(B − C), h2 = Hi/(B − C),
ν = (B −A)/(B − C), (0 < ν < 1).

Fig. 1. The regions with fixed number of equilibria for ν = 1/3

The first equation of system (5) represents the equations of
four hyperbolas. Their two branches pass through the origin
of coordinate system (a31 = 0 and a32 = 0) in the plane of
variables a31 and a32, while the second equation determines
the unit circle in this plane. The number of real solutions to
system (5) (and, hence, to system (6)) depends on the character
of intersections of the hyperbolas with the circle. It is clear that
two branches of the hyperbolas that pass through the origin of
coordinates always intersect the circle at four points. If two
other branches of the hyperbolas also intersect the circle, we
have four more solutions. In the case when hyperbola branches
touch the circle four solutions merge into two (there are two
pairs of multiple roots) [5]. Thus, system (5), and hence system
(6) too has either eight or four solutions.

It is possible to determine the bifurcation curve

h
2/3
1 + h

2/3
2 = (3ν)2/3, (7)

using the method described in [5]. There are eight solutions
inside the region h

2/3
1 + h

2/3
2 < (3ν)2/3; when passing

through curve (7) (which is astroid), the number of solutions
changes to four; there exist four solutions in the region
h
2/3
1 + h

2/3
2 > (3ν)2/3 (Fig.1).

Fig. 2 shows an example of determination of the equilibrium
orientations of the satellite in the orbital coordinate system for
ν = 1/3 and h2 = 1/4 values.

We investigated also other 8 special cases, when one of the
principal axis of the satellite inertia coincides with the normal
to the orbital plane, the radius vector or tangent to the orbit:
1. a211 = 1, a12 = a13 = a21 = a31 = 0, H2 = H3 = 0;
2. a212 = 1, a11 = a13 = a22 = a32 = 0, H1 = H3 = 0;
3. a213 = 1, a11 = a12 = a23 = a33 = 0, H1 = H2 = 0;
4. a221 = 1, a11 = a22 = a23 = a31 = 0, H1 = 0;
5. a222 = 1, a12 = a21 = a23 = a32 = 0, H2 = 0;
6. a231 = 1, a11 = a21 = a32 = a32 = 0, H1 = 0;
7. a232 = 1, a12 = a22 = a31 = a33 = 0, H2 = 0;
8. a233 = 1, a13 = a23 = a31 = a32 = 0, H3 = 0.

The stability analysis of the above solutions of the problem
has been performed.



Fig. 2. Example of equlibria values for ν = 1/3, h2 = 1/4

III. CONCLUSION

In this paper the attitude motion of the satellite under
the action of gravitational and aerodynamic torques in a
circular orbit was investigated. The main attention was given
to determination of the satellite’s equilibrium orientations
in the orbital reference frame and to the analysis of their
evolutions in nine cases when any one of the satellite’s body
reference frame axis consides with any one axis of the orbital
reference frame. It is shown that each such orientation is
an equilibrium. Analysis of the conditions of stability of the
obtained equilibrium orientations was fulfilled.
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